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Z Transform

Discrete time LTI system z transform is used.

Z transform is mathematical tool used for conversion of time domain into
frequency domain (z domain) and is a function of the complex valued
variable Z.

Biliteral/Two sided

X(2)=Z(z(n)=> " z(n)Z™"

Uniliteral/One sided
X(2) = Z(z(n)) = 3,—, z(n)Z™"
if z[n| = 0 for n < 0, then Biliteral = Uniliteral

Geometric Series Sum formula

Infinite
° ZO c = 1—c

o0 n_ C
° Zk ¢ = 1—c¢

0<|e <1
Finite
o c7t1
N—-1 . -1 N+11
0o C cc1>ZUC— c—1
o c=1
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(cis a complex constant)

ROC

» The set of Z for which X (z) is converges (gives finite value)/the set of
points in Z-plane for which X(z) is converges is called Region Of
Converges.

o If there's no value of z where X (z) is converges, then sequence of z(n)
is said to be having no Z transform.

» ROC for finite duration signal, right-sided (causal) signal

N samples, 0 <n< N —1

z(n) = {z(0),z(1),...z(n)}
X(z)=Y1"Fz(n)z"=2(0)+zl)z ! +..z(n— 1)z "D
if z =0, X(z) is infinite.

X (z) exists for all values of z, except z = 0
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o ROC for finite duration, left sided (anti causal)
Defined: —(N —1) <n <0
z(n) ={z(—(n—1)...2(0)}

X(2) =X (v pem)z"
z(—(N —1))z2V "1 + ...+ 2(0)

if z = 00, X () is infinite. X (z) exists for all values of z, except z = 0.

« ROC for finite duration, two sided (non causal signal)

N-1
2

z(n) = {z(—m),..z(0)...z(m)}

—-m<n<+mm= , N samples
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X(2)=Y""zn)z" = z(—m)z™ + ..z(0)... + £(m)z"™

m

z = 0, 00, there are no finite value. ROC = entire Z — plane except Z = 0,00

» ROC for infinite duration, right-sided (causal) signal

Let, z(n) =r";n >0
X(2) = o(rz7 )
if0 < |rz71| <1,

X(2) =

The condition to be satisfied for the
convergence of X (z)

1—rz !

0<|rzl| <1
Irz7 <1z > |r|
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» ROC for infinite duration, left-sided(anti causal) signal

X(2) =3 oo(raz )" =
Z?:o(rz‘lz)"

if, 0 < |rytz| <1

X(z) = —

1-ry°2

Condition to be satisfied for the
convergence,

|r2_1z| <1

> |2] <y

» ROC for infinite duration, two-sided (non causal) signal
Let, z(n) = rfu(n) + riy(—n), —oo < n < 400
X(2) = X0l _oo[riu(n) + riy(-n)lz™"
=Y e ThE M Ty rie"

=Y ot Y e

DSP: Z-Transform and Basic of Filters



=0 (ry '2)" + Do (rz )

f0 < |ry'z| < 1and 0 < |riz7 | < 1then
X(2) = — + —2

1-r, 'z 1—riz—1

Converges if,

Irz7l <1

> |ri| < 2|

|r2_1z| <1

> |2] <y

Properties of Z Transform

o Linearity Property : The linearity property of Z-transform states that the Z-
transform of a weighted sum of two discrete time signals is equal to the
weighted sum of individual Z-transform of that system.

a171(n) + azz2(n) < a1 X (2) + a2 X (2)

« Shifting Property : shifting of m-units obtained by multiplying z™

z(n) <> X(z),—00 < n < 400

(
z(n—m) < X(z)z=™
z(

n+m) < X(z)z™

o Shifting Property of One-sided
z(n) < X(2),0 <n < 400

DSP: Z-Transform and Basic of Filters



z(n—m) < 27 "X(z)+ Z:’;l x(_z‘)z—(m—i)
z(n+m) < 2" X(2) — Yo 2(i)m Y

o Multiplication property
z(n) <> X (z), then

nx(n) < —z%X(z)

o Multiplication by an exponential sequence property
z(n) <> X(z), then
a"z(n) < X (%)

o Time Reversal Property
z(n) <> X (z), then
z(—n) + X(z71)

o Conjugation Property
z(n) <> X (z), then
z*(n) < X*(z%)

e Convolution Property
z1(n) < X1(2), z2(n) < X2(2)
z1(n) * z2(n) < X1(2)Xa(2)

o0
m—=—0o0

[General convulotion : z1(n) * z2(n) = ) z1(m)z2(n —m)]
« Correlation property

z(n) < X(2),y(n) <> Y(z) then

Z transform of 7., (m) <> X (2)Y (271)

[Txy - Zi:—oo x(n)y(n - m)]
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Finding Z transform

o z(n) =u(n)

15;m>0

z(n) = {O;n <0

X(2)=> 0 omn)z™" =
Dm0 "

0<l|z7Y <1,
X(z) = 1—1z—1 = 73

Condition for converges, |z7!| < 1
> |z] > 1,

o z(n) = (0.3)"u(n)
0.3"n>0
z(n) =
{O;n <0
X(z) = %, 037"
= > ,(0.3z71)"
if0 <]0.3271 < 1,

1
X(z) = 1-(0.3z° 1) — 7703
Condition for converges. 0.3z} <
1=z >0.3

o z(n) = (0.8)"u(—n—1)
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1;—m—12>0

u(n) - g | Z|<©o'%8
0;n<0 &
2z-plane 1z\=0%
n. .
() = 0.8"n< -1 /? 2 o
0- n < 0 R Jre ciscle °%
9adivs 0-%
X(Z) = Zin=—oc0 0.8"z7" = W in Z-plane .
00
S 0.8 2" =

00 “1.\n 0.8 'z
S (087 12y = {5
If 0 < ]0.8712] < 1, then

. 087'z _
X(z) = 087 = 053

Condition for converges,
122/ <08

Poles and Zeroes of Rational Function of Z

X(z) = ggzg, if X (2) expressed as a ratio of two polynomials z or 271, then
X (z) is called rational function of z.

X(Z) = N(z) b0+b1271—|—....—|—bmz7m _ b 1+Z—(1]z’1+_‘_+bb_7ngm (z)

D(z) aptarz T+otanz T oag 1+ Z el dman

,m(zm_~_%(];szl+ _|_Qm
O +““)

=G , [Scaling Factor, G = ]

_ G( —2z1)(z—22)...(z—2n)

z—pl)(z—zz)...(z—pn) [’I’L - m]

21,29, -y Zp, + FOOts of numerator polynomial, zeros of X (z), marked by o

D1, D2, --, P : roots of denominator polynomial, poles of X (z), marked by X

¢ Inverse Z Transform :
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o Z7Y(z(2)) = z(n) = % $ X(2)z""ldz

Questions:

1 | a) | Write the advantages of Z-transform system over DTFT system. Show the | 8
transfer function in Z-transform with equations. Distinguish between zeros
| and poles in Z-plane.

b) | i (Z) = % , Find out: a). its transfer function representation, b). its 4
Z+0.5Z240.75

difference equation representation.

_— a2
c) If X(z) = % , find the values of input and output coefficients. 2

(a)
Advantages of Z-transform over DTFT system:

e d(n),u(n) can't be analyzed by DTFT but Z.

o The transient response of a system due to initial condition or due to
changing inputs cannot be computed by using DTFT but Z.

e The Z-transform might exist anywhere in the Z-plane; the DTFT can only
exist on the unit circle.

o Ztransform allows for the discrete time system analysis in the frequency
domain. This facilitates the analysis of system characteristics such as
stability, causality, linearity and time and frequency response.

o Ztransform allows the representations of signals and systems in the
frequency domain.

o It becomes possible to analyze frequency content of signals determine
spectral properties, apply filtering and modulation.

o Useful for determining the stability of DT system.

It has convolution property that simplifies the analysis of linear time
invariant system.

» Simplifies mathematical operation.

The Transfer Function
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The transfer function H(z) of a DT linear system is defined as the ration of the

Z-transform of the output signal Y (z) to the Z-transform of the input signal
X (2)

z T by "
H(z) = )1;((2)) = Z::_—O;OO

=—0 amz~™

_ bgtbiz bz ™
T oaotaiz 4. Fanz "

Where, by, by, ... are input coefficient and ay, a; ... are output.

if a, = 1, then this called the standard form of transfer function.

(z—21)(z—22)...(z—2zp)
(z—p1)(z—p2).-.(z—pn)

If we can convert, H(z) = G

Then, 21, z5... are called zeros and py, p2.... are called poles.

Distinguish between Zeros and Poles

Poles Zeros

A pole of the transfer function H(z)
is value of z that makes the
denominator zero.

A zero of the transfer function H(z) is a value
of z that makes the numerator zero.

Mathematical : H(z) = N(z)/D(z) Mathematical : H(z) = N(z)/D(z)
If D(z) = 0, at z=zp, then If N(z) = 0, at z=zs, then
H(z) = infinity as z=> zp H(z) > 0as z-> zs

Influence system stability and

Influence frequency response
response

Poles outside the unit circle indicate

. - Zeros do not affect stability directly
instability

Represented by "X" in the Z-plane Represented by "O" in the Z-plane

. . N -1 ~-m
(b) Transfer function representation : X (z) = Dg; = b{igi,li::ﬁm;n =

-1 —-m .
Z)Oilglzz—ltmibgi—n [ay = 1 means normalized] .z = e/

71 72 . . .
H(z) = 1+01.—5Fzz*1—:_02.75z*2 [Dividing by 2]

. 2jw 2w .
w) e 4+e™ 41 _ dw . )
H(e'") = o5 [Replace z = €/ on given X (2) of the question]

Difference equation representation : Transfer function - Inverse Z-transform
> y(n)
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H(z) = 1+01.;Zz:11:02.;;z72, [Transfer function, H(z) = X(é = ..]

X(2)+ 271X (2)+ 272X (2) =Y (2) + 0.5271Y(2) + 0.75272Y (2) [cross
product]

> x[n] + z[n — 1] + z[n — 2] = y[n] + 0.5y[n — 1] + 0.75y[n — 2] [Inverse
Z-function]

= y[n] = z[n] + zn — 1] + z[n — 2] + 0.5y[n — 1] + 0.75y[n — 2]]

(c)

-1 —-m
Idea : X (z) = ggg = Wthe tethuz 2 make given X (z) this format and

compare with this (ap = 1) where by, ...., b, = input and ag + ...an, = output
coefficient.

X(Z) 2+2+32> _ 42 342,216z ¢

= 0.523(10z 3+182 2+1) _ 10z 3+18z 2+1 [Normalized]

Input coefficient: 4, 2, 6
Output Coefficient : 1, 0, 18, 10

i 'L e .
4% Show the transfer function in Z-transform with equations. Compare zeros and poles in Z-plane
AS

If H(Z)=——————, Find out: a). its transfer function representation, b). its differcnce

72 -0.97+0.81

equation representation.

2 4
If X(2) = %ﬁ;_ , find the values of input and output coefficients.

(a) Check the answer above.

(b) Transfer function representation:

-2, -1
_ z ‘=z
H(z) = 1-09z 14081z 2
o ejw+1
H(z) = €% 10.9e39+0/81

Difference equation representation

—2, -1
_ z "4z _Y(2)
H(z) = 755110807 = X(2)

2 22X(2) + 271X (2) =Y (2) + 0.9271Y (2) + 0.82272Y (2)
> z[n— 2]+ zn— 1] = yn] + 0.9y[n — 1] 4+ 0.81y[n — 2]
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342?42,
(c) X(Z) - z*2—|—z4z*3+z3z*4
Input Coefficients: 3,0, 1, 0,2

Output Coefficients: 0,0, 1, 4, 3

e Given difference equation, find transfer function representation.
y[n] = z[n] + z[n — 1] + z[n — 2] + 0.5y[n — 1] + 0.75y[n — 2]
5>Y(2)=X(2) +271X(2) + 272X (2) + 0.5271Y (2) + 0.75272Y (2)

2 a) Whal is meant IJJy region of convergence?Write the properties of ROC.
Determine the Z-transform and ROC of the s:gnal x(n) = (— —) u[-n — 1] where

W

n=-1.
¢) Shortly describe unite mrcle in z-domain. A causal LTI sys}em has impulse response h[n] 1+2
1+z71 '
for which the z-transform is H (Z) , find the region of
(205

convergence of H(z).

N AV N

(a) The set of Z for which X(z) is converges (gives finite value)/the set of
points in Z-plane for which X (z) is converges is called Region Of Converges.

Properties:
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Pocpesties of RoC. -

O Ao fivite diwvabion Sight -stdded vgvals Ccausal sgnal)
the Roc will ke evdbe z-plang ecapt X=0

@ fov a finl duoadory dept -stdal geals (amhicausal Stpal.)
te poc sl be. evdive z-plane  exoopt =00

(® 6 a %wli:dmwa&% Hise slod, ﬁ“%na.l.z,ﬂ?e_ Roc 2stll bo.
e evdire x-plane.  excopt =0 omd 2= 0

M) f o] b At led omd of Infinide duradin (cansal Sigrl),
thew Roc s Outside a civela adose rediug is eppal o te
Qmaut— ?ng,wﬂ%ﬁbﬂ.‘ly&q_ (Fgi)

(5) Tf x[n] b leftsrlal ond of inpindle dusatonihundi ciped),
then RaC & eneddo. o chvelo 1dow. vadius i b b swalledt

ele magnhde ( Ry-2)
(¢ I:f 2] & hoo sdled and o infinile dunadvon | them Roc. sl
a vdv-z U:Q_:Z—-Flaam M@Wﬁﬂﬂt&ww

Tm{Z)

Refz]

Source
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https://www.kitsw.ac.in/departments/ECE/ashok/classes/Handouts/Properties_of_ROC.pdf

—1i "n<l1
(6) @(n) = {(()'rf)> 0

X(2) = Sh o (-05)s " =
oo (—0.5271)" =
!_ _1z2
Zn=1(_0’5_ z)n - 1—(2'05.5—17,)
If0 <|—0.5"12] < 1,then
—-0.5""'2 2
X(2) = 1 = 1

Condition for converges,

-1
| —0.5772] <1=[2[ <05 Not 2, it is 0.5
b o
a) Consider an LTI system that is stable and f; i
_’}6— i or which H (Z?, the z-transform of the impulse
response isH (z) L/ ]
1---.2"-+1a"2 Ve L7
"? If x[ﬂ] is the i input to the system is a unit ‘
ste sequ
}  the inverse z-tmnsfdnn of Y(z) - B equence, Fm‘l the Uutput y[n] by compunng
Dcﬁnc Cauch)r residue theorem. Eval r
he > e e imere stntom o7 (7) = L
Wi z| > |b| , using the complex inversion integral. 1-bz-1
b s - /—-r\ —_— iy

6

- 1 |
system H(z) = 2 Describe s3bility and E@y for both the system
inverse system using ROC. show both regions are overlapped. ) B
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3. a) Consider the following system: o b

_ 6
;_.’gl;,';%l-l. .
R B
%’ .
~ ,3\
- 3 5 Tam 0 7\/.’ ]
:—'l - H IDV w
; B W
A SR

o e i) Find the system function relating the z-
11} Write the difference equation that is s
sequence y[n].

b) Draw the direct form II and Transposed Direct Form II
y[n] = 0.5y[n — 1] + 0.06y[n — 2] = Lix{n] - 0.3x[n

ey i

trfinsforms of the input and output.
atisfied by the input sequence x[n] and

the output

structure of difference equaf;
= 1]+ 1.5x[n - 21. Aration, :

» Differences between Z-transform and Laplace Transform

Z Transform

Z transform is mathematical tool used for

conversion of time domain into frequency
domain (z domain) and is a function of the
complex valued variable Z.

Used to analyze discrete time signal
Uses the complex variable Z

The set of points in z-plane for which X(z)
converges is called the ROC of X(z)

Used for discrete time linear system such
as digital filters and sampled data control
system

X(n= Y x(mz "

Digital Filters

DSP: Z-Transform and Basic of Filters

Laplace Transform

an integral transform that converts a
function of a real variable (usually , in the
time domain) to a function of a complex
variable

continuous time signal
uses the complex variable s
The set of points in s-plane for which X(s)

converges is called the ROC of X(s)

Used for the analysis of CT system such as
control system and differential equation

F(s) = fo N f(t)e ¢

where s = o + iw



A digital filter is a system that performs mathematical operations on a sampled
discrete time signal to reduce or enhance certain aspects of that signal.

Types: FIR, IR
Basic element to design Digital Filter

e Adder:

x5 [n]

+ >
xy[n] xi[n] + xo[n]
(a)

o Multiplexer

\

raG1) by Tk f
> ax(n)

e Delay Element

Il?,’..I‘

X
zln) O oy aln~t)

lIR (Infinite Duration Impulse Response) : If the impulse response exists
infinitely, it is an IIR Filter.

e Frequency Response of lIR:

B(z M o bmz "
H(z) = §H = 22—, fag = 1]

» Difference equation of IIR Filter

y(n) = Y bme(n — m) — 35 amy(n —m)

e N — th order Direct form (I)
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y(n) =bx(n) + byz(n — 1)... + by(n — N) — (azz(n — 1) + ... +
ayz(n — N))

nn) ' '!_’___" LY
§et lz"l
by =&
g-! z“"
by =9 .
=k
by —dy :
1y
-{ + +
]
=1 4 !
. b" =ty
All-zero aystem All-pole sy

o N — th order direct form (ll)

y(n) =bx(n) + byz(n — 1)... + by(n — N) — (azz(n — 1) + ... +

ayz(n — N))
by
x(n) 4 i - ¥n)
z =l
—a, | b, .
- Y
z—l
—az 5‘2 -
+
za-l
—GN b‘"

DSP: Z-Transform and Basic of Filters
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e Cascade form:

In this form the frequency response, H(z) is factored into smaller second
section, called bi-quads. The frequency response is then represented as a
product of these bi-quads section.

b ,1 b _N
() ()_b1+1 +...+-,jolz
A(z) 01+a 2 1+....+aNz*N
1+B1z '+B
=bo [[}_, 1+AZ$ 1+A“z [for second-order]

k= 3 [Always]
Cascade form for N — th order

FIR (Finite Duration Impulse Response): The filters have a finite impulse
response function which has finite length of time.

» Transfer Function
M : length of filter
N : Order of filter = M — 1
H(z) =Y, baZ "
<n< —
oy = (e =M

» Difference equation

yin] = Spp bme(n—m)

e Directformlif M = M
Order of filter, N = M — 1
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N — thorder, y(n) = byz(n) + byz(n — 1) + ... + byz(n — N)

iu‘
) >

[y
(&)
+

|‘rf'1

k.

o Cascade FIR
For second order section,
H) =H(z) =Y 0,2 " =bg+ bz 4 o 4 by g2 M
=bo(1+ 2—(1],2_1 + ot bl‘g—o‘lz_MH)

= b HZ:I(l + Bk,lz* + Bk,zz”)

_ M

K =|%]

Design cascade form of FIR where filter length is M
M

K=%]

o Properties of Linear-phase FIR filter

Let, h(n),0 < n < M — 1, be the impulse response of length M. The
frequency response,

H(z) = M P h(n)z "

DSP: Z-Transform and Basic of Filters
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We know, H(e) = S 1 h(n)e ivn, —r <w < =

n=0
Where, AH(ejw) = —aw (A system has linear phase if its phase response
B(w) = £H(e"jw) = —cw for all w and any constant c.)

where, a is a constant phase delay, h(n) must be symmetric, if h(n) =
h(M —1—mn)

0<n<M-—1witha=2%2ifMis odd.
Anti symmetry : h(n) = —h(M — 1 — n)

A(OY= h( 6-1-0)=HS)
) = h(6-- Y- h(4)
- K6 -1-2) = H(3)
A = h(r)

r,.?-) f;:*ﬁ*amvﬂj";j

b) | Draw the figures of symmetric and antj-symmetric impulse response h(n) of
lenath M. where M is 9.

DSP: Z-Transform and Basic of Filters
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Symmetry: h(n)=h(M-1-n) Odd M Antisymmetry: h(n)=-h(M-1-n) Odd M

*ﬁff'; hf]
| J .
0 1 12}3 4 5 al? 8 n

%,

Center of Symmetry

o =
.
2-1012 3 4

2-1012 3 4

Center of Symmetry

Linear phase system fall into one of 4 categories:
e M odd, h[n] is symmetric (Type )
H(e™) = Y0, hlnje 7"
= h[0](e %0 + e I¥M) 1 p[1](e IVt 4 eI 4
B[ Je-i¥
= /WM /2(p[0)(e7M/2 4 e IwM/2) | 4+ h[M/2])
= e 7UM/2(B[0].2cos(wM /w) + h[1].2cos(w(M /2 — 1) + ... +
h[M/2])
— e 1uM/2 M2 o) (K] cos(wh)

As class note,

M = 0dd,a = M1

H(w) = 3.7, a(n)cos(wn)

M_1

s H(e'") = e 7%*T Y 2 a(n)cos(wn)

o Meven, h[n] is symmetric (Type Il)
H(e'™) = h[0](e %0 + e 7vM) 4 h[1](e ¥t 4 e 9vM-1)) 1+
AL (e 5 4 e v )
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M

— e Juwh Zrﬁ b(n)cos(w(k + 1))

As class note,

. M M
H(e") = et 21 b(n)con{w(n — 3)}
e M even, h[n] is antisymmetric (Type IlI),

e M odd, h[n] is antisymmetric (type IV)
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