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Integration Formulae and tricks

M

01. [sinxdx=—cosx+c
02. [cosxdx =sinx+c
03. [tanxdx = In(secx) +c

04. [cosecxdx =In(cosecx — cotx) +c= —In (cosecx+ cotx) + ¢ = In {tan%} +c

X
1+tan;

05. [secxdx =In(secx+tanx)+c=In {tan G + ;)} +c=1In

1-tan®
2
06. [cotxdx=In(sinx) +c = —In(cosecx ) +c
ngx = X N
07. [x dx—n+1+t(n¢ 1)
08. [sec’xdx =tanx+c
09. [cosec?xdx = —cotx+c
10. [secxtanx dx =secx +c
11. [cosecx cotxdx = —cosecx + c
12. [e™dx=—e™ 4
m
Xy =2
13. [a dx=—+c
14, [Zdx=Inx+c
15. J‘i:ltan'li-i-c[x:atanﬂ ﬂﬁﬂ
a a

a?+x?

16. [=2_ =1y,

x2—-a? 2a

X—da
X+a

_dx 1 [adx
17. 2a1n|a_x +c

aZ-x?

+c

18. f\,agf_x,=sin‘1§+c[x=asin9 4f]
19, [ =In(VxZ+a? +x)+c [x=atan0 4f]

20. J“;;gi—ag = In(vVxZ —aZ + x) + ¢ [x = asecB 4]
21, [e™* (mf(x) + f'(x)} dx = e™ f(x) + ¢

' (x)
22. | K:] dx = In|f(x)| + ¢

3. [E=2Vz+c

fix) .
24, Jﬂmdx— 2 f{X} +c
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rﬂﬁ' [VaT+a%dx =2V +a? + Zln|x+ VxZ +aZ| +c [x =atan® 4]
2
2. [Vat— Xodx = Ex-';az - x? 4 %-Si]'l_i 5 +c
z
2. j’w"}tz—a*dx:fﬁx*—az—%hﬂx{-xﬂx?—a2|+|: [x = asecO 4]
28 _rlnxdx=x|n:~;—x+c

29, Jl'e“ sinbxdx = a:+_|12[“ sinbx —bcoshx) +c

[ e* cos bx dx =#{a cos bx + bsinbx) + ¢

fuvds=u [vdx— [ {% (u) fvdx} dx

=

]

3l

Credit: Udvash Engineering Concept Book

All Formulae:
https://elearn.daffodilvarsity.edu.bd/pluginfile.php/578401/mod_resource/content/4/Formula
of Differentiation and integration.pdf

Definition of Differential :

« involving derivatives of one or more dependent variable w.r.t one or more independent
variable

Dependent/Independent Variable:

dy
dr

X = independent

y= dependent (y depends on x, y is a function of x)
Types :

¢ Ordinary Diff. : If independent variable is one

« Partial Diff : If independent variables are > one

Order:

+ Highest order derivative

Ordinary & Partial Differentiation


https://elearn.daffodilvarsity.edu.bd/pluginfile.php/578401/mod_resource/content/4/Formula%20of%20Differentiation%20and%20integration.pdf

i, Z=3 > /
B . 9
d“y y _
1ii. a‘;g-l-zajy—ﬂ - {
o dyz d*y _
iv, @)ﬁ Ty ysx=2p 0 _

Degree:

o Highest order derivative’s power

« Degree can'’t be fractional, so if there’s any fractional variable or derivatives (not only
the highest derivative, it is applicable for all variables) we need to make it integer
first.

- How ? - Squaring, cubing...”n-ing the whole equation

Problems:
: dv -
. i1=0—|V
0{11 \
i ZL=3—\v
1 o 3

z J
i, 2 +2°% +y=0—\

v, (dx3)2 i = 24 5x = 2y —\JJ
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v & Sy L5 [da
A (S fﬂv), v

U
N DN

’ - .. 1 d -
NB: Don’t define degree if - =,z

, first make it like

U

multiple of y, % for the example.

Transcendental Function:

Definition: In mathematics, when a function is not expressible in terms of a finite
combination of algebraic operation of addition, subtraction, division, or multiplication
raising to a power and extracting a root...

Keywords: function which are return a infinite series

« If any derivative locates like this sin(derivative function), cos(derivative function),
e”(derivative function), then the degree will be undefined.

Example:
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dy
1) €dx — 5y
Order: 1

Degree : Undefined

2) sin(z—g)i—g +6y=0

Order : 2

Degree : Not defined

3
3) siny + 37? = 22
Order : 3

Degree : 1 (No derivative function in the sine)

Wronskian Theorem:

Let y1 (x) and y () are two solution of second order linear differential equation then
Wronskian of y1, Y2 is

W(yl,ya) _ |9 ¥

/

Y1 y/2 = yly'z - y'lyz

W(yl,y2) == 0 - Linearly Dependent Solution
W (y1,92) # 0 - Linearly Independent Solution

If there’re y1, ...., Yn, then the equation will be like below
yl1 ylz yln
Wiy = | Y1 Y2 = U
y", 1 yn, 2 e y"' n
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Linear Differential Equation:

. (%)m m must be 1

2
o There will be no y. % | & & du d=

Variable Separable Method:

Steps:
+ Make the equation like that f(x) = f(y)

e Integrate it

Problems:

Ordinary & Partial Differentiation
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Reducible to Variable Separable Method:

If the equation like that,

Y = f(az + by + c)...(3)

ax + by + ¢ = v or something else to solve the problem

W—doy L)

Put % from (i) value in () and ax + by + c = v
Trick: term which one is repeated more than one = v

Problems:
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Mistake : zdx = udu

Linear Differentiation Equation:

Definition: If P and Q are only functions of x or constants then the differential equation of
the form dy/dx +Py = Q is called the first order linear differential equation.

d—Z—I—yP:Q

Where P and Q are constant or function of x. Then, linear differentiable equation is
applicable. Otherwise Separable Method.

Step:

e Integrating Factor I = el Pdz

A given differential equation may not be integrable as such. But it may become integrable
when it
is multiplied by a function. Such a function is called the integrating factor (I.F).

dx = independent variable. If y is an independent variable then, it would be Pdy.

e General Solution: and Calculate

yIf:fQIdeB+C

Ordinary & Partial Differentiation
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Problems:
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Homogenous Differentiation Equation:

Definition: An equation of the form % = ;;gz; in which f1(z,y) and f3(z,y) are
homogeneous functions of x and y of the same degree can be reduced to an equation in
which variables are separable by putting y = vx , f—% =v+ wg—;

Homogenous Function & It's Degree: F'(x,y) is homogenous function and n is the
degree of the function then if f(mx, my) = m" f(x,y), where m is a non-zero value.

Ordinary & Partial Differentiation
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Step to Solve a Homogenous Differentiation Equation:

e Form the equation like gx =..

R (30 Check the homogenous of the functions and degree individually, the

dz — f(z,y)
functions must be homogenous and their degree must be same

e Puty = vx int Step (1) equation and g—g =v+ a:%
o Apply Variable Separable Method

o Putv =4
T

Problems:

Ordinary & Partial Differentiation

13



©)

oy b= @3N vy =0

ﬂ.e‘y J
s
L.g—-—‘J \
[‘9‘-.'“
\"!D T Eard
Gl) g=v o
AV R
I
J ~
BRNE N “lw; T’
&
= aly NV
G I R N
=> j I ‘T 147 dv
- J &
L d
— ‘1’\1 ':.‘_J#d\i -—-j v v
fs
_ - _ Vot -
- e =L

-
= e --}—'@%] - |’ﬂﬁ_f)-—f -

> (Y= 5BV re

A LIS) - -k wﬂ‘}m TC

Ordinary & Partial Differentiation 14



Exact Differentiation Equation:

Definition: M (x,y)dz + N(z,y)dy = 0 the equation will be Exact equation if
dM(z,y) _ dN(z,y)
dy T dex

[NB: y is constant when diff.w.r.t x and x is constant when diff.w.r.t y]

Steps:

e Check it a exact differentiation or not

¢ General Solution:

[ M(z,y)dz [y is constant] + [ N(z,y)dy [terms free from z] = C

Ordinary & Partial Differentiation 15



Problems:

o {0 b 10D 1)
() Ao— raitr N(37)

%wa— g“—%a—-l\(@’a) c>7% ,d'yﬁ;—vu?%ot— e 9,
%LQZ?L =991 ~_ghl

% )
%ﬂ;; - Qe

Reducible to Exact Differential Equation:

Steps:

Rule 1:

* Check the equation is exact or not, if not, go to next step

dM _ dN
WNH and it is a function of only x or constant (not any single y) then go to next

steps otherwise go to Rule 2

dy — dx
Integrator factor IF = el %

Multiply the equation by the IF, then it is an exact equation now

Follow the rules of EDE

Ordinary & Partial Differentiation
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x

CorrectAns: y*> —x — 1 = ce”

Rule 2:

+ Check the equation is exact or not, if not, go to next step

dM _ dN
o _dr i % and it must be a function of only y or constant

dM _ dN
&y A
» Integrator factor IF = e~ I = [There’s a minus sign]

« Multiply the equation by the IF, then it is an exact equation now

¢ Follow the rules of EDE

Ordinary & Partial Differentiation
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Rules 1: Homogenous Equation

« Mdz + Ndy = 0 is a homogenous equation and Mz + Ny = 0 then,

1

IF= 2eny

Multiply by the IF , then the equation is now an exact equation.

e Mdx + Ndy = 0 is a homogenous equation and Mz + Ny = 0 then,
|
IF= 1wy

Multiply by the IF , then the equation is now an exact equation.

Ordinary & Partial Differentiation
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Initial Value Problem:

First Order Equation:
dy _
1)@ =Y

Ordinary & Partial Differentiation
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y(0) =3

= ‘;—y =dz
or,fiyﬂ = fda:
or,ilny=z+C
or,y =e* ¢
or,y = e*.e°
or,y = Ae”

y(0) =3
or,Ae® =3
or,A=3

Linear Differential Equation with Constant Coefficient:

(LY + P12+ Pyt + .. Py =Q

is a Linear Differential Equation if Pl, ...., Pn are the function of x or or constant.
If Pq,...., P, are constant, then it is called Linear Differential Equation with Constant
Coefficient.

If right hand side is zero or () = 0, then it is called Linear Homogenous Differential
Equation.

—_ 4a
D_dm

2 _ 4
‘D_d:c2

n__ d
D dxn

> D"+ P1Dy 1+ ...+ Pry=0Q

1)IfQ = 0,

Ordinary & Partial Differentiation

20



y=CF

Where, CF = Complementary Function

Complementary Function:

o Auxiliary Equation (AE)

(D*-7D+12)y=0
D? —7D + 12 = 0...(i)

Where (%) is an auxiliary equation
» Roots of AE

D?-7TD+12=0
or,m?> —Tm+12=0
m = 3,4

« Nature of Roots
Roots are real
Rule 1: Roots are real and distinct
y=0C1e"" + ..+ Cpem”

Where 7y, ...., 7, are roots of the AE.

Rule 2: Roots are real and repeated
Suppose, roots are r = —2,2, 2

Yy = 016_233 —+ (02 —+ 0333)6233

Rule 3: Roots are imaginary
r =a+ Bi,...
y = e**(Crcosfz + Cysinfx) + ...

1) If () = 0
Q@ = Q(z), a function of x
y=CF+ PI

Ordinary & Partial Differentiation
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Where, CF = Complementary Function
PI = Particular Integral

Particular Integral: (NOT AS SIR DID)

f(D).y = Q(z)

Y= FD)

Type 1: Q(z) = €, f(a) = 0

¢ CF as Constant Coefficient

- PI=75
« y=CF + PI

Type 2: Q(z) = €™, f(a) =0

¢ CF as Constant Coefficient

. PI= a:m
e« y=CF+ PI
Type 3: Q(z) = sinaz, cosax
e CF
« PI= Sfla‘;;” Put D? = —qa?
o D — Differentiation, % — Integration
e« y=CF+ PI

Working Rules for Finding Particular Integral:

1 m - -
1. ) =[12F(D)] x".
| PR S
2. f(D)e _f(a)e if f(a)=0.
3. %sinax=%sinax; or, 72005(10(:#3
(o) (=) 7(D7) f(-a)
4. ﬁe“l" =e" 7 (,[)1+g].V where, V' is a function of x.

Ordinary & Partial Differentiation

cos ax iff[—az);t{).
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Bernoulli Differential Equation:

Definition: If P and Q are only functions of x or constants, then the differential equation of
the form % +Py=Qy"n va 0 is called Bernoulli's equation

The Bernoulli Differentiation looks like,

dy n

& T Py=Qy

How to solve ? - Convert it to LDE. We have to vanish y" .

Steps:
« Dividing the equation by y" (besides Q)
o z = y™ [besides P] and differentiate it w.r.t x

e Convertitto LDE

Problems:

Ordinary & Partial Differentiation
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UC Method:

UC Function:

A function f(z) is UC function, if it is either

e ", wheren >0
e €% where a v 0
« sin(bz + c), cos(bx + c), where b = 0

« any function that is a finite product of two or more functions of these three types

UC Set:

Definition: Given a UC function f(x). We call UC set of f(z), to the set of all UC
functions consisting of f(z) itself and all linearly independent functions of which the
successive derivatives of f(x) are either constant multiples or linear combinations.

Ordinary & Partial Differentiation 25



UC function UC set
1 £ | © P e O NP |
2 = {e™}
3 sin(bx + ¢) or {sin(bx + ¢), cos(bx + ¢)}
cos(bx + ¢)
4 P P e e e o A W
5 x" sin(bx + ¢) or {x" sin(bx + ¢), x" cos(bx + c),
x" cos(bx + ¢) x*~ 1 sin(bx + ¢), x""! cos(bx + ¢),
..., xsin(bx + ¢), x cos(bx + ¢),
sin(bx + ¢), cos(bx + ¢)}
6 e sin(bx + ¢) or {e*= sin(bx + ), e™ cos(bx + c)}
e cos(bx + c)
7 x"¢™ sin{bx + ¢) or {x"e* sin(bx + c), x"e™ cos(bx + ¢),
x"e™ cos(bx + ¢) x""le®™ sin(bx + ¢), x" 'e™ cos(bx + ¢),...,
xe™ sin(bx + c), xe™ cos(bx + ¢),
e™ sin(bx + ¢), e* cos(bx + ¢)}
Problems:
1)

Ordinary & Partial Differentiation
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Trajectories:

Trajectories: A curve which cuts every member of a given family of curves is called
trajectories.

Orthogonal Trajectories: If a curve cuts every member of given family at right angles (
a = 90), then it is called Orthogonal Trajectory.

Working Rule:

+ Differentiate the given equation of family of curve and eliminate parameter/constant

dz

. Y py —dz
Replace 2 by dy

« Solve this new DE and get the orthogonal trajectory

Ordinary & Partial Differentiation
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Oblique Trajectory: A curve that intersects the curve of family at a constant angle o 7
90 is called Oblique Trajectories

Working Rule:

» Differentiate the given equation of family of curve and eliminate parameter/constant,
denote it as f(z,y)

dy _ f(z,y)+tana

* Gz = 1-f(zy)tana and solve the DE

Laplace Transform

Definition: Let f(t) be a function of t defined for 0 < ¢t < oo

Then, Laplace transform of f(t) denoted by £ { f(¢)} or F'(s), is defined by

L{f(t)} = F(s) = [y e f(t)dt

Ordinary & Partial Differentiation

31



Reasonwhys>0||s<0]|(a-s)<0 -

P "
od ~“r
‘x' & = o
* e,_oo I N ,___4:_-— = 0
\ - eOO o0

ASHL01008M_

Problems:

NS & )
A ’\-'\ 5 &)
U f =08 s(e)
N-y & —a® TR 8
E il “
0+ o)

Ordinary & Partial Differentiation

N&OOIo;stV

32



Ordinary & Partial Differentiation

33



- A,{chb_{({ 3
A'{CCS(H)} = lwe‘sf cos®p#) 4 +
Ne

el a2 -4t
S e coslpdd -+ con €55~
5§ —_—

= st . -4
Tﬂ’J Cosht. £ 44 t Smbt- _e;f)p
6‘l/~

<k

<2
* —af
_\_‘ij cpst € QR
&9
il - st .
= —————je C,DsLb"rJ&f e»usﬁ;\i’)_———a‘s
-&t

P
X e
=> J é- 5"’@ ﬂr\’):‘k— = 32"1:\,1- {Chs Lb’t) §

w
e ‘ “’5("”0&5 % %Tj)oo [J o % cos(kt) eH-’J
. ES e x%’/ Esmﬂ

S2x b

6
Hewee ’C’f“”}(‘ —Fn

Ordinary & Partial Differentiation

7
D -
-t
coskt e
&5
A{b\“b\‘) ,:é/"

el
g o) - b

_,\,_e.;; -é\‘/\b?]

Mxoo:oh,ﬁsv

34



